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The applicability of the extended Nernst-Planck equation with the homogeneous distri-

bution of ions and the capillary model (the Boltzmann distribution of ions) to the descrip-

tion of electrokinetic phenomena in the system Nafion 117|0.1 M mixture of NaCl and

KCl has been discussed. It has been found that only the capillary model can reasonably

describe those phenomena, simultaneously preserving the Onsager reciprocity relation.

The extended Nernst-Planck equation gives unsatisfactory results by either strongly

breaking the reciprocity relation or, assuming the reciprocity relation (�i must be 1),

leading to large discrepancies between the hydrodynamic permeability and the electrical

conductivity. The interpretation of �i in terms of the capillary model has been given. �i <

1 for counterions and �i > 1 for coions result from the radial concentration profiles of

those ions and of the convective velocity. The dependence of �i on the kind of acting force

has been proved.

Key words: capillary model, extended Nernst-Planck equation, ion-exchange mem-

brane, electrokinetic coefficients

For the description of transport through ion-exchange membranes various ap-

proaches can be applied, like the extended Nernst-Planck equation (ENPE), the capil-

lary model (CM) or irreversible thermodynamics (IT), depending on the problem to

be solved. The most general system of equations offers the IT, however, it contains a

large number of coefficients, even if the Onsager reciprocal relation (ORR) is taken

into account. The use of the ENPE or CM makes it possible to estimate the transport

coefficients from those referring to the free electrolyte solutions and from the param-

eters of a membrane like its ion-exchange capacity and swelling. Such approach re-

duces the number of transport coefficients to be determined, however, it should be

verified. Results of such verification will inform to what extend the assumed model of

transport is correct and whether other phenomena take place, which should be in-

cluded into the model.

In this work the ENPE (with the homogeneous distribution of ions in the

cross-section of membrane pores) and CM (with the nonhomogeneous distribution of

ions) will be examined on the base of electrokinetic phenomena in the system cat-

ion-exchange membrane Nafion 117|0.1 M mixture of NaCl and KCl. The choice of

Nafion has been motivated by its thoroughly investigated structure. After many in-

vestigations based on various methods (e.g. small angle X-ray scattering, transmis-

sion electron microscopy, Mössbauer spectroscopy, see references in [1]) it has been
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found that in that membrane the fixed charges form clusters of diameter ca. 4–5 nm,

which are connected by the channels ca. 1 nm in diameter [2]. In order to check the in-

fluence of counterions on the predictions of both models, the small concentration 0.1

M of mixture of the external solution has been chosen to eliminate the influence of

coions. Three basic electrokinetic coefficients will be determined – the electrical con-

ductivity, �m, the electroosmotic volume transport number, tv, and the hydrodynamic

permeability coefficient, Lp
m( )

. tv will be used for the determination of the hydrody-

namic permeability at the zero electric potential gradient dh (ENPE) and of the equiv-

alent radius of pores R (CM). �m and Lp
m( )

will be used for the verification of both

approaches. Additionally, the transport number of cations, needed for the calculation

of the convective coupling coefficient �i, will be experimentally determined. The in-

terpretation of �i in terms of the CM will be given.

THEORY

The extended Nernst-Planck equation (ENPE): Below all the quantities refer to

the pore solution of a membrane, unless stated otherwise. Subscript 0 denotes solvent,

1, .., n – ions (or generally solutes). The ENPE is given by [3–6]:

Ji = –uici(RT�lnci + ziF��) + �ici� ( 1)

where ui, ci, zi, �i are the mobility, concentration, valency, the coupling convective co-

efficient of ion i, respectively. � is the velocity of the centre of mass, however, usually

� is regarded as the velocity of the centre of volume. In this work it has been checked

that the results obtained with these two velocities differ very slightly and, for simplic-

ity of formulas, � is regarded as the volume flux. From now on it will be denoted by Jv.

Thus ui denotes the mobility in that frame of reference. Jv depends on the gradients of

electric potential, ��, and pressure, �p:

� = Jv = –dh(–zmcmF�� + �p) (2)

In (2) dh is the hydrodynamic permeability coefficient at �� = 0. Subscript m denotes

the fixed charges of membrane. (1) and (2) can be transformed to the form:

Ji = –uici� ~� i + �ici J� i = 1,2, .., n ( 3); J� = –dh ck k

k

n

�
�
� ~�

0

(4)

by 1) substituting the first term in Ji by the more general term uici�~� i , 2) applying the

relation:

1002 S. Koter



c z c F pk k m m

k

n

� � 	 � 
�
�
� ~� �

0

(5)

and 3) assuming that ~ ~� �i i� , where ~� i denotes electrochemical potential of ions as

well as chemical potential of solvent in a hypothetical external solution being in equi-

librium with the pore solution at a given point of the pore. A comment should be done

on �i. Transforming (3) and (4) into the form of those of non-equilibrium thermody-

namics (13) yields the following expression for Lik:

Lik = ci(�ikui + dh�ick) i,k = 1, .., n (6)

where �ik is the Kronecker �. One can see that the equality Lik = Lki (ORR) will be ful-

filled, if all �i are the same. From the additional symmetry relation for the electro-

kinetic transport [7]:

–Fdhzmcm =
J I

p
Fd z

c p

ORR

c

h i i
�

��
�

	�

�



��

�

�
�� 	�

�



��

�

�
�� �

� �� � � �, ,0 0

ci

i

n

�
�

1

(7)

it can be concluded that all �i have to be exactly 1. As it will be shown later on the ba-

sis of the capillary model, �i is a function of the radial profiles of concentration and of

the convective velocity inside the pores. For the homogeneous distribution of ions �i

is exactly one.

For the case �i = 1 (ORR is satisfied) the combination of the equations for Lp, �,

and t� (Table 1) yields the following relation between Lp, �, and t�:

L t

F z c
z c t

p

m m

m m

�
�

��
	



2

1( ) (8)

The ratio Lp/� refers to the pore solution. The assumption that it is the same as the ex-

perimentally observable ratio Lp
m

m
( )

/� :

L Lp p
m

m� �
�

( )

(9)

enables the verification of (8). (9) is justified by (10) relating the transport coefficient

referring to the pore solution, L, with that for the whole membrane, L(m):

L = L(m) �
2

Vp

for L = Lp, �, Lik (10)

where Vp is the volume fraction of pores, �2 – the tortuosity factor of pores.
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In the second case (�i � 1), �i is calculated from the experimental transport coeffi-

cients, i.e. the ENPE fits those experimental data, however, the ORR is lost. The com-

bination of the formulas listed in Table 1 gives the following expression for �i:

�
�

� �

i

i i

i

m m p

k k k i i ik

nz c t
t

F z c L

t c z u z c u
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�




�
�

�

��
1

2

2 2

1

/

/ �

�
�

i = 1, .., n (11)

In (11) Lp/� can be approximated by (9) and uk/ui by the corresponding ratio for the

free solution. If only one kind of counterions is present in the membrane and the con-

centration of coions is negligible, then the term with ui disappears and �i is the func-

tion of the measurable quantities only. According to (7), the deviation from the ORR

can be expressed as:

( / )

( / )
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Table 1. Electric conductivity, �, transport number of ion i, ti, electroosmotic volume transport number, t�,
and hydrodynamic permeability coefficient, Lp, according to the ENPE and the capillary model
based on irreversible thermodynamics (IT).

Transport coefficient
ENPE (all the quantities refer to the

pore solution)
capillary model/IT
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The capillary model (CM): Usually the transport equations of the CM are based

on the extended Nernst-Planck and Navier-Stokes equations [8–10]. In this work the

transport equations of the CM are the same as those of linear irreversible thermody-

namics:

J L Xi ik k

k

n

�
�
�

0

i = 0,1, .., n (13)
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where Ji is the flux of species i, Xi – the thermodynamic force – the negative gradient

of (electro)chemical potential of species i. As it was shown in [11], the transport coef-

ficients, Lik, are the sum of convective, Bik, and diffusive, lik , contributions:

Lik = Bik +lik i,k = 0,1, .., n (14)

For the capillary of radius R the convective part, Bik, is given by:

B
R

c r
r

c rdrik i r

r

k r

r

r

RR

� ���
2 1

2

3

00

, ,

�
(15)

where �r is the viscosity of pore solution, ci,r – concentration of species i at r. The sec-

ond term in (14), lik , describes the transport with respect to the center of mass of pore

solution. All the coefficients Bik, lik , and thus Lik are symmetrical. The methods of esti-

mating lik and �r are described in the Appendix.

To calculate the transport coefficients, the distribution function of ions has to be

assumed. Taking the classical Boltzmann equation, one can notice that it does not take

into account individual properties of ions, i.e. the ratio of concentrations of ions of the

same charge in the membrane will be the same as in the equilibrating solution. In liter-

ature one can find some modifications of the Boltzmann equation. One of them, made

by Gur et al. [12], takes into account the character of ions by introducing the dielectric

constant dependent on the electric field, �r,r, and the hydration constant of ions, Ai:

c c z
F

RT

A
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i r i ext i

i

r r r
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, ,
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� (16)

� is the potential measured against that of the external solution. The dependence of

�r,r on the electric field describes the Booth equation [9,10]. The radial profile of � is

obtained by solving the Poisson-Boltzmann equation written in cylindrical coordi-

nates:

1

0 1r r
r

r

F
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The boundary conditions are as follows:

��

�r r
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The first one results from the symmetry, the second one – from the Gauss law and

the electroneutrality condition:

z c z ci i m m

i

n


 �
�
� 0

1

(20)

In (19) and (20) ci (i = 1, .., n) denotes the concentration of ion i, averaged over the

cross-section of the capillary:

c
R

c rdri i r

R

� �
2

2

0

, i = 1, .., n (21)

The values of Ai (16), calculated by Gur et al. [12] and by Bontha and Pintauro

[13], are listed in Table 2. For Ai = 0 (16) reduces to the classical Boltzmann equation.

The formulas for �, ti, t�, and Lp in terms of Lik are listed in Table 1.

Table 2. The hydration constant Ai of the modified Boltzmann eq. (16) (T = 298 K).

ion: Na+ K+ Cl–

Ai/RT (Gur et al. [12]) 174 144 120

Ai/RT (Bontha & Pintauro [13]) 84 80 111

The convective coupling coefficient �i according to the capillary model: In or-

der to express the convective coupling coefficient �i in terms of the CM let’s write the

transport equations (13) in the form similar to the ENPE:

J B l X c l Xi ik ik k i i ik k

k

n

k

n

� 
 � 

��
�� ( ) '� �

00

(22)

In (22) � i
' is the convective coupling coefficient corresponding to that from (1), � is

the averaged over cross-section of capillary velocity of mass centre of pore solution,

given by [11]:

� �
�
�B Xk k

k

n

0

(23), where B
R

r
r

c rdrk

R
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r
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0
�
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From (22) and (23) it results that:

�
�

i
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ik kk

n
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(25)
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As B Xik kk

n

�� 0
denotes the product of ci,r and �r averaged over the cross-section of

capillary �ci,r�r� [11], � i
' can be simply expressed as:

�
�

�
i

i r r

i

c

c

' ,

� (25a)

From that formula it results that if �r for each r has the same sign, then � i
' is always

positive. (25) quantitatively describes the remark of Dresner [4] that the convective

coupling coefficient of coions and counterions could be different because of different

profiles of their concentrations and of the velocity of solvent inside the membrane

pores. According to (25), � i
' depends on the magnitude of forces, if more than one

force acts. Regarding the electrokinetic phenomena, � i
' is given by:

1) for �� � 0 (�c, �p = 0): ( ) ,� i c p

k ikk

n

i k kk

n

z B
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(25b)

2) for �p � 0 (�c, I = 0): ( )
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(25c)

Thus, � i
' depends on the kind of acting force, whereas �i from the ENPE should re-

main the same. For the homogeneous distribution of species (ci,r = ci)) or if the convec-

tive velocity �r = const,� i
' reduces to 1. For ci,r = ci and �r = � , (15) and (24) take the

forms:

B
R

c cik i k�
2

8�
(15a), B

R
ck k�

2

8�
(24a)

Substituting these expressions into (25) gives � i
' = 1.

EXPERIMENTAL

The measurements were performed for the mixtures of NaCl and KCl solutions of the total concentra-

tion cs = 0.1 M and the molar fraction of KCl equal to xKCl = 0, 0.25, 0.5, 0.75, and 1, at 298 K. The

ion-exchange capacity, swelling, sorption were determined using the standard methods described e.g. in

[14]. The electroosmotic coefficient was determined by the volume method using the experimental setup

described in [15]. The electric conductance was determined by the ac method [16] using the RLC bridge

Meratronik Type E318. The transport number of counterions were determined by the Hittorf method. The

membrane separated two compartments, each filled with 150 cm3 of the solution. The effective area of

membrane was 10 cm2, the current density – 2 mA/cm2. The Ag/AgCl electrodes were used. For a given
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concentration 3 runs were performed. Each run lasted at least 1 h. From the concentration and mass

changes of solutions the transport number was calculated:

t F
c m c m

tI
i

i t t i�
	, ,0 0

�
(26)

where ci,0, ci,t, m0, mt are the concentration of ion i, mass of the solution before and after passing the cur-

rent I during time t, respectively. The density of solution, �, was assumed to be the same as that at t = 0. As

the transport number of coions Cl– in Nafion equilibrated with 0.1 M solution can be neglected, and the

transport numbers of Na+ and K+ are related by t1 + t2 = 1, the best estimates of ti, �t i (i = 1,2), were calcu-

lated from the following formulas [17]:

� ( ), ,t t t1 1 2

1

2
1� 
 	exp exp ; � �t t2 11� 	 (27a,b)

The concentrations of potassium and sodium ions were determined by the AAS method. The hydro-

dynamic permeability coefficient, Lp, was determined using the Sartorius setup (the thermostated

dead-end cell).

RESULTS AND DISCUSSION

Experimental results: The basic, non-equilibrium parameters of the system in

the function of molar fraction of KCl are presented in Table 3. It is seen that with the

increase of the KCl content, the swelling of membrane, expressed as a volume pore

fraction, decreases. The selectivity coefficient, defined as the ratio of ratios of molar

fractions of KCl and NaCl, inside the membrane, x x
K Na
 
/ , and in the external solu-

tions,

x x
K Na
 
/ :

K
x x

x x
Na

K K Na

K Na





 
 



 


�
/

/
(28)

is high, ca. 2.8–3.1 (similar to those obtained for Nafion 120 [18] and Nafion 417

[19]), which indicates the preference of Nafion towards the K+ ions. As the ionic ra-

dius of K+ is larger than that of Na+ (rK+ = 0.133 nm, rNa+ = 0.095 nm [20]),the

hydration of K+ is lower, what enables a closer contact of K+ with the fixed charges.

Another reason is that the electric field of ionic groups aligns the water molecules.

Energetically it is more favourable, when the less hydrated K+ ions stay close to the

fixed charges, where the electric field is high.

The transport properties – the electric conductivity, �m, electroosmotic volume

transport number, t�, and the hydrodynamic permeability coefficient Lp
m( )

– are shown

in Fig. 1. Their dependence on the content of KCl and the swelling of membrane is

similar – all the coefficients decrease with the decrease of swelling or the increase of

KCl content. The decreasing of the conductivity with xKCl seems to be rather astonish-

ing, remembering that the mobility of K+ in a free solution is higher than that of Na+
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(in 0.1 M solution the mobility ratio uK+/uNa+ = 1.27). Again it can be concluded that

the reduction of the mobility of the K+ ions is caused by their higher concentration in

the vicinity of the fixed charges than that of the Na+ ions.

Table 3. Characteristics of Nafion 117 in 0.1 M (NaCl + KCl) solutions.

xKCl
porosity

Vp

cm

[mol/dm3 pore sol.]
K

Na

K






0.00 0.328 3.63

0.25 0.314 3.90 2.80

0.50 0.305 4.16 3.10

0.75 0.295 4.42 2.77

1.00 0.283 4.62

The transport numbers of K+ and Na+ are presented in Fig. 2. As the transport

number of an ion depends on its concentration in the external solution, the relative

transport number, t
Na

K






, defined as the ratio of the transport number ratio to the concen-

tration ratio of K+ and Na+ in the solution bathing the membrane

t
t t

x x
Na

K K Na

KCl NaCl

+ +







�
/

/
(29)

has been also calculated (Fig. 2). It amounts to about 2, i.e. the K+ ions are favourable

in the electrical transport, which results from the increased content of K+ (high selec-

tivity coefficient K
Na

K






). Dividing t
Na

K






by K
Na

K






yields the ratio of their mobilities with

respect to the membrane:
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Figure 1. Dependence of electrical conductivity, �m, electroosmotic volume transport number, t�, and the

hydrodynamic permeability coefficient, Lp
m( )

, on the molar fraction of KCl; Nafion 117, cs(NaCl

+ KCl) = 0.1 M, T = 298 K.



t

K

t t

x x

u

u

m

m

Na

K

Na

K

K Na

KCl NaCl

K

Na

+

+

+

+

+ + +

+

� �
/

/

( )

( )
(30)

It amounts to ca. 0.65–0.7 (Fig. 2), i.e. comparing to u u
K Na+ +/ .�127in the free solution

the mobility of K+ in the membrane is reduced, as it has been concluded from the con-

ductivity results.

Model calculations: The discussion of the model predictions will be started with

the selectivity coefficient K
Na

K
+

+

, which characterizes the ionic composition of mem-

brane, influencing the transport phenomena.

The selectivity coefficient K
Na

K
+

+

calculated on the base of the modified Boltzmann

eq. (16) for two sets of the hydration constant Ai (G – Gur et al., BP - Bontha and

Pintauro) is presented in Fig. 3. As the difference between ANa+ (BP) and AK+ (BP) is

very small, it is not possible to obtain the agreement of calculated K
Na

K
+

+

with the exper-

imental one for reasonable values of pore radius, i.e. not exceeding the radius of clus-

ters, ca. 2–2.5 nm. On the other hand, if the Gur values of Ai are taken, then K
Na

K
+

+

(calc.)

= K
Na

K
+

+

(exper.) for R = 1 nm. This value of R is similar to the radius of channels, how-

ever, it is 2 times lower than that of clusters, which are the predominant constituent of

pores in that membrane. Thus, Ai should be between Ai(BP) and Ai(G).

1010 S. Koter

Figure 2. Dependence of t
K+ (squares), t

Na+ (triangles), relative transport number t
Na

K
+

+

, and the

ratio of mobilities u
m

K+

( )
/u

m

Na+

( )
inside Nafion 117 on the molar fraction of KCl; cs (NaCl + KCl) =

0.1 M, T = 298 K.
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Figure 3. Selectivity coefficient K
Na

K
+

+

vs. capillary radius calculated from the modified Boltzmann eq.

(17) assuming Ai as given by Gur et al. (G) and Bontha and Pintauro (BP), the experimental

lower and upper values of K
Na

K
+

+

are denoted by dotted lines.

Figure 4. Radial concentration profiles of Na+ (triangle) and K+ (square) in the capillary of radius 1.4 nm

according to the modified Boltzmann eq. (17), Ai taken from Gur et al. [11] – solid lines (G),

from Bontha and Pintauro [12] – dotted lines (BP), cm = 4.2 M, cs = 0.1 M, xKCl = 0.5.



The calculated radial profiles of Na+ and K+ (Fig. 4) show that K+ of smaller

hydration constant are located close to the charge wall. The higher difference be-

tween ANa+ and AK+, the stronger exclusion of Na+ from the vicinity of the wall is ob-

served.

Although it was possible to solve the Poisson and modified Boltzmann equations,

it was not possible to calculate precisely the straight Bii coefficients of counterions

from the radial concentration profiles approximated by a polynomial. Another, more

sophisticated method has to be elaborated. Therefore, from now on the classical

Boltzmann equation will be discussed only.

As it was mentioned earlier, in Nafion the fixed charges are grouped into the clus-

ters connected by narrow channels. Thus, the equivalent radius of Nafion pores, R,

should range from that of channels to that of clusters. Instead of assuming some arbi-

trary average of those radii it has been determined from the electroosmotic volume

flow by solving for R the equation:

t�(R) = t�(exp.) (31)

The calculated in this way R (Table 4) changes from 1.2 to 1.4 nm, i.e. it lies in the

range of the channel and cluster radii.

Table 4. The capillary model with the classical Boltzmann distribution of ions: the equivalent radius of pores
estimated from eq. (31), the tortuosity factor �2 calculated from the model �, Lp and the experimental
�m, Lp

m( )
according to eq. (10).

xKCl R [nm] �2(�) �2(Lp) �2(Lp)/ �
2(�)

0 1.32 3.3 3.8 1.14

0.25 1.40 5.3 5.8 1.10

0.5 1.38 6.6 6.7 1.01

0.75 1.30 7.5 6.5 0.87

1 1.24 8.2 6.3 0.77

To check the consistency of the model the tortuosities of the electric conductivity,

�2(�m), and of the hydrodynamic transport, �2(Lp), have been calculated from (10). It

is seen (Table 4) that the agreement is fairly good – the difference between them does

not exceed 14% except for the pure solution of KCl (xKCl = 1). The increase of �2(�m)

with xKCl and, consequently, decrease of �2(Lp)/�
2(�m) indicates that the mobility of

K+ comparing to Na+ inside the membrane is overestimated. The main reason of that

overestimation is the use of the Boltzmann equation, which yields the same radial

profiles of both ions. In fact the K+ ions stay closer to the fixed charges than the Na+

ions (Fig. 4), which hampers the movement of K+.

According to the capillary model, the convective coupling coefficients � i
' (25)

are high (> 1, Fig. 5) for those ions, whose concentration decreases towards the capil-

lary wall (Fig. 6a), whereas if the concentration increases, then� i
' of that ion falls be-

low 1. � i
' depends also on the kind of acting force (Fig. 5), which results from the

different profiles of the convective velocity (Fig. 6b).
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The values of � i
' , shown in Fig. 5, are similar to those determined by Meares [5]

for the cation-exchange membrane ZeoKarb 315 and the NaBr solutions. It should be

noted that the Meares’ � i were calculated from the conductivity, electroosmotic

transport number of water, and the tracer diffusion coefficients, not from the hydrody-

namic permeability coefficient, as it results from (11). Although ZeoKarb 315 is

much more porous than Nafion 117 (Vp = 0.75 vs. 0.33 of Nafion) and its concentra-

tion of fixed charges is much smaller (cm = 0.55 M vs. 3.6 M of Nafion) [21], some

preliminary calculations using the capillary model with such cm show that for pores

3–5 nm �Na+ = 0.64–0.53, �Cl– = 1.24–1.2, i.e. the agreement with the experimentally

determined by Meares �i is fairly good.

In the discussion of the ENPE two cases are presented – with and without the con-

dition of the ORR (eq. (7)). The results are gathered in Table 5. As the expression for

Lp is the same in both cases, the tortuosity of the hydrodynamic flow �2(Lp) is also the

same. It is close to 2 and about 3 times smaller than that resulting from the capillary

model (Table 4).

If the ORR condition (7) is not imposed, then �2(�) = �2(Lp), because the calcula-

tion of � (through �i) is based on that assumption. Regarding �i, both �Na+ and �K+ are

negative even in the pure solutions of NaCl (xKCl = 0) and KCl (xKCl = 1), for which the

formula for �i (11a) depends on the measurable quantities only. The negative �i con-

tradict the experimental fact that the electroosmotic volume flow is directed towards

the movement of counterions and also the predictions of the capillary model. What is

more the deviation from ORR, expressed by (I/�p)�c,�� = 0/(J�/��)�c, �p (eq. (12)), is
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Figure 5. Convective coupling coefficient of counterions Na+, K+ (triangle) and coions Cl– (circle) in the

electric transport (I � 0, �c, �p = 0, solid lines) and of the hydrodynamic transport (�p � 0, �c,

I = 0, dotted lines) for the system Nafion 117|0.1 M NaCl + KCl, according to the capillary

model with the Boltzmann distribution of ions.



very large. It should be stressed that the calculated (I/�p)�c,�� = 0/(J�/��)�c, �p does not

depend on ui, which has to be assumed more or less arbitrarily, but on the experimen-

tal variables and the assumption �2(�) = �2(Lp) only.
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Figure 6. a) The radial profiles of the concentration of counterions (triangle) and coions (circle); b) the

radial profile of the convective velocity for two force conditions: ��� 0, �p, �ci = 0 (solid line)

and �p � 0, I, �ci = 0 (dotted line); the Boltzmann equation, cs(NaCl + KCl) = 0.1 M.



Table 5. The ENPE: the convective coupling coefficients, �i, calculated from eq. (11) assuming that ui equals
to the mobility in the 3 M solution uNa+ = 2.46×10–13, uK+ = 5.19×10–13 mol�m/N�s according to the
data from [23].

xKCl �2(Lp)

�i (11), ORR (7) is not fulfilled

�2(�) = �2(Lp)

�i = 1

ORR (7) is fulfilled

�Na+ �K+

( / )

( / )

,

,

I p

J

c

c p

�

�
�� �

� �

�

� �
0

�2(�)
�

� �

2

2

( )

( )

Lp

0 1.3 –0.62 – –0.6 4.7 0.27

0.25 1.8 –0.10 –2.8 –1.3 7.1 0.25

0.5 2.1 0.39 –2.6 –1.9 9.2 0.23

0.75 2.1 0.52 –3.0 –2.6 10.2 0.20

1 2.1 – –3.4 –3.4 10.9 0.19

If the ORR (7) is imposed, then the ENPE yields the relation (8) between Lp/� and

t�. Its comparison with the experimental ratio Lp
m( )

/�m, expressed by �2(Lp)/�
2(�),

shows that the agreement is very poor. The calculated Lp is about 4–5 times too small

comparing to �. It cannot be explained by such differences in the tortuosities of real

paths of the hydrodynamic and electric transports.

All these observations lead to the conclusion that the ENPE with the homoge-

neous radial distribution of ions inside the membrane pores is not adequate for the de-

scription of the electrokinetic phenomena in the ion-exchange membranes.

CONCLUSIONS

The capillary model with the Boltzmann distribution of ions relatively well de-

scribes the electrokinetic phenomena in the cation-exchange membrane Nafion 117

in the mixed ionic form Na+-K+. As the classical Boltzmann equation does not distin-

guish the K+ and Na+ ions, whereas in the reality the affinity of K+ to Nafion 117 is

higher than that of Na+, it is expected that the modified Boltzmann equation (16), tak-

ing into account the individual properties of K+ and Na+, could improve the agree-

ment. However, the calculations of the straight convective coefficients Bii with the

adequate accuracy have failed.

The extended Nernst-Planck equation with the homogeneous distribution of ions

in the cross-section of membrane pores and the coupling convective coefficients �i

equal to 1 is not fit for that description. On the other hand, the introduction of �i, cal-

culated from the experimental data, strongly violates the Onsager reciprocal relation.

Thus, with a given set of �i the extended Nernst-Planck equation can describe one

kind of transport only.

Contrary to the ENPE the capillary model is able to explain �i different from one

(�i > 1 for coions and �i < 1 for counterions in accordance to those determined experi-

mentally [5]), still retaining the Onsager reciprocal relation. This fact results from the

different radial profiles of the ions concentrations and of the convective velocity. As

the last profile depends on the kind of acting force, the �i are different for the different

forces. The general formula relating �i with the forces is given.
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Appendix

Calculation of lik and �

Assuming that the movement of ions in frame of mass centre of pore solution is similar to that in a

free solution, lik can be calculated from lik for the free solution from the relation:

lik = lik

2

0

1

cc
c c rdr

i k

i r k r, ,� i,k = 1,2, .., n (A1)

The l k0 coefficients, related to water, are given by the formula (A2), resulting from the dependence of

flows in the frame of mass centre.

l k0 = –
1

0 1M
M li ik

i

n

�
� k = 0,1, .., n (A2)

As the lik coefficients for the ternary mixture of NaCl and KCl are not available in literature, they have

been estimated in the following way. At first the lik

( )0
coefficients (water as a frame of reference) for the ter-

nary system have been estimated by the LNI approximation proposed by Miller [22] using the data from

[23]. Then the lik coefficients in the frame of mass centre were calculated from:

L = AL(0)AT (A3)

where

aik = �ik – ciMk/� (A3a)

L

l l l

l l l

l l

( )

( ) ( ) ( )

( ) ( ) ( )

( )

0

11

0

12

0

13

0

21

0

22

0

23

0

31

0

0

0
�

32

0

33

0
0

0 0 0 0

( ) ( )
l

�

 

!
!
!
!
!

"

#

$
$
$
$
$

(A3b)

The subscripts 1,2,3 denote Na+, K+, and Cl–, respectively.

As the concentration of Na+ and K+ in the pore solution is high (Table 1), the calculations were made for

the highest electrolyte concentration (3 M), for which lik

( )0
are available.

Table A1.The lik coefficients in the frame of mass centre of pore solution calculated from eq. (A2) for the
concentration of fixed charges and radius of pores listed in Tables 3, 4, respectively.

xKCl xK lik [10–10 mol/m2 Ns] 1-Na+, 2-K+, 3-Cl–

l11 l22 l12 l33 l13 l23

0 0.00 10.23 0.00 0.00 0.025 0.0076 0.0000

0.25 0.48 11.01 6.05 –0.48 0.030 –0.0034 –0.0001

0.5 0.75 9.03 11.73 –0.56 0.031 –0.0034 –0.0006

0.75 0.89 5.12 17.74 –0.44 0.029 –0.0013 –0.0013

1 1.00 0.00 23.79 0.00 0.027 0.0000 –0.0025
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The viscosity of pore solution, assumed to be the same in the cross-section of pores �r = � , was esti-

mated from the formula:

� = (1 – xKCl)�NaCl + xKCl�KCl (A4)

where �NaCl and �KCl are the viscosities of the pure NaCl and KCl solutions. For 3 M solutions �NaCl =

0.00123 and �KCl = 0.000919 Ns/m2.
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